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We investigate a feasible holography with the Kitaev model using dilatonic gravity in
AdS2. We propose a generic dual theory of gravity in the AdS2 and suggest that this
bulk action is a suitable toy model in studying quantum mechanics in Kitaev model using
gauge/gravity duality. This gives a possible equivalent description for the Kitaev model
in the dual gravity bulk. Scalar and tensor perturbations are investigated in details. In
the case of near AdS perturbation, we show that the geometry still ”freezes” as is AdS,
while the dilation perturbation decays at the AdS boundary safely. The time-dependent
part of the perturbation is an oscillatory model. We discover that the dual gravity induces
an effective and renormalizable quantum action. The entanglement entropy for bulk theory
is computed using extremal surfaces. We prove that these surfaces have a fold bifurcation
regime of criticality. Our approach shows directly that chaos in AdS2 can be understood via
fold bifurcation minimal surfaces.
Keywords: AdS/CFT(CMT); holographic entanglement entropy;renormalization; fold bifurcation
I. INTRODUCTION
Information is the building block of the whole physical universe and it is mainly believed that
it can explain the origin of the thermodynamics, specially in the black holes, in the context of the
general theory of relativity [1, 2]. Another commonly accepted idea is that, certain types of the
geometries for the spacetime may emerge from the quantum system, mainly from the entanglement
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2between quantum states, and it is motivated mainly from the celebrated holographic principle,
where the information of a region of spacetime can be decoded through its boundary surface [3, 4]. A
complete description of the holographic principle is physically possible if this holographic conjecture
is interpreted as a gauge/gravity duality between certain types of the quantum field theories with
conformal symmetry and specific geometries with negative curvature. This is a definition of the
AdS/CFT correspondence [5]. As an attempt to deeper understand this conjecture, we has been
trying to explain quantum entanglement based on the holographic principle in a consistent form.
In condensed matter physics it has always been illustrative to figure out gravitational dual
models which are able to extract the same (almost exact) physical results for the system using
a simpler method. One of the most successful examples in condensed matter is the unpaired
Majorana fermions and we already knew that it should correspond to superconductive systems. A
physical realization of such systems was made by Kitaev, when he considered a quantum wire lying
on the surface of 3-dimensional superconductor. If we consider a chain consisting of large numbers
of possible quantum sites, each quantum site can be either occupied or unoccupied by an electron
by fixing the direction of each electron
In this work we will investigate the dual properties of a Kitaev model through the use of the
gauge/gravity duality in two dimensional AdS spacetime. Our aim is to deeper understand the
physical features of the conformal geometry and the chaos in AdS2 duals of a Kitaev system in a
general way without making assumptions of conformal invariance in the original Kitaev model. To
this end we studied the entanglement properties of the dual gravity model using Ryu-Takayanagi
approach.
The organization of the paper is as the following: In Sec.II, we explain a framework of a one
dimensional Kitaev quantum wire model. In Sec.III, we propose a toy model for a Kitaev model
using gauge/gravity duality. In Sec.IV, we treat the scalar perturbation of the system. In Sec.V,
we investigate near AdS geometry. In Sec.VI, the holographic renormalization is investigated. In
Sec.VII, the Kitaev entanglement entropy is computed via holography. In Sec.VIII, we first propose
the idea of fold bifurcated entangled surfaces as a root for chaos. Finally, we conclude our findings
in the last section.
3II. ONE DIMENSIONAL KITAEV QUANTUM WIRE MODEL
The one dimensional Kitaev quantum wire as a one dimensional lattice model for a supercon-
ductor is perfectly described by the following Hamiltonian [8]:
H = −η
N∑
j=1
(c†jcj+1 + c
†
j+1cj)− µ
N∑
j=1
(c†jcj − 12) +
N∑
j=1
(∆cjcj+1 + ∆
∗c†j+1c
†
j), (1)
where c†j represents creation operator for the electron, η is called the hopping integral, µ is the
chemical potential, ∆ ∈ C is the superconducting gap of energy, and N is the lattice size. Phase
transition in Kitaev model happens when we adjust the model parameters with µ = 2η for |∆| > 0,
where the the energy spectrum of the system is given by
Ek =
√
(2η cos k + µ)2 + 4|∆|2 sin2 k. (2)
Recently it has been shown that the type of phase transition in Kitaev model is a topological
quantum phase transition and it can be characterized by nonlocal-string order parameters [9].
Choosing the chemical potential µ as the external variational parameter, one can show that the
quantum distance between two nearby ground state wave functions of the system (what is known
as the fidelity in the literature) can be computed easily and this quantity can be used as an order
parameter to address certain types of the phase transitions in strongly coupled systems [10].
The Kitaev model and its generalizations always illustrate several phase transitions as well as
chaotic behavior. There are many interesting works related to chaos simply by random quantum
mechanical systems. In the list of few, we can discuss some more interesting results published
in the literature. As an extension of the Kitaev model, Another model called Sachdev-Ye-Kitaev
(SYK) has been proposed in Ref.[11], and there are many different aspects of this novel theory
investigated by researchers. Remarkable observations about the SYK models are in the fact that
they display the existence of disordering and chaos. For example in [12], the mesoscopic features of
SYK model were investigated and mainly it was shown that how the dynamics obeys a stochastic
dynamics and consequently the time evolutions can be described in a dual form in terms of random
matrix theory. Chaos in SYK model was also related to the criticality in the Fermi surfaces in
super fluidity phase [13]. The parameters related to a toy many body theory dual to SYK was
examined near the criticality at nonzero density. To have symmetry breaking an auxiliary U(1)
was introduced, and to demonstrate the chaotic behavior of the system the authors computed
Lyapunov exponents. Here an extended velocity in the phase portrait was found (the butterfly
velocity). It was demonstrated numerically that the thermal parameters have a universal behavior
4and parametrize the chaos in an extended phase space. The regime of chaos was limited only to
the high temperature systems although it is possible to have chaos in enough low-finite critical
temperature ranges. In Ref.[14], a possible local criticality was investigated instead of global ones.
This recent work generalizes 0 + 1 dimensional SYK model to higher dimensions as an attempt to
study further criticality aspects. To quantify the chaos as disordering in the propagation of the
perturbations, a butterfly velocity was introduced with finite velocity and it can characterize the
chaotic effect in the system. However, the quantum chaos seems not to be limited to SYK model.
For example tensor models also have chaotic dynamics for example because of very large numbers
of degrees of freedom [15]. Almost all these references were satisfied the SYK model from the dual
quantum theory point of view. Till now there is no work devoted to study chaos from the bulk
theory, specially the chaotic and phase transitions from the dual bulk geometry point of view. If
one can construct a bulk model for the original model defined by the Hamiltonian (instead of the
Lagrangian which is needed to build bulk theory as a dual gravitational theory) presented in the
Eq. (1), we can probe the possibility to have chaos in the geometry; for example chaotic minimal
surfaces (dual to the chaotic entanglement entropy), to address chaos in the quantum boundary
theory. Our motivation is to use the important work of Ryu-Takayanagi to define entanglement
entropy via AdS/CFT proposal. The AdS/CFT correspondence can provide a technique to find
the holographic entanglement entropy (HEE) of a quantum system using minimal surfaces in the
dual bulk gravity theory. This technique was discovered by Ryu-Takayanagi, for any arbitrary
subsystem A in the quantum boundary theory, we need to specify the (d − 1)-minimal surface
which is extended into the AdS bulk with the same boundary with A (the boundary is denoted by
∂A). The HEE for this subsystem via the celebrated principle of Ryu-Takayanagi can be written
as [16],
SHEE =
Area(γA)
4G
(3)
where G is the gravitational coupling in the AdS spacetime and γA is the minimal area surface.
We in this paper aim with two main tasks to first build a dual dilatonic bulk theory using the
inverse Fourier transformations, and to show how that the minimal surfaces corresponding to the
entanglement entropy in the dual picture have chaotic form.
5III. BUILDING A DUAL TOY MODEL
In this section we aim to propose a toy model for Kitaev model using gauge/gravity duality,
where we will be able to address phase transitions using gravity dual model in bulk. To build
up a holographic model we must move from Fock space to a continuous bulk model, with matter
fields. A possible set of physical fields is a set of scalar fields φ. It was shown that in Kitaev
model with the periodic boundary condition the Fourier transformation is can be implemented,
where momentum k is a good quantum number [10] . In the Fock space a pair of electrons with
momentum k and −k will form the Cooper pair and the superconducting phase can exist.
There is no any simple method to build the toy model bulk theory for the given Kitaev Hamil-
tonian, given in Eq.(1). For the SYK model, the model just proposed as an ad-hoc dilatonic action
in two dimensional background, posses an AdS black hole as bulk geometry [23]. Although both
SYK and Kitaev theories are defined using a pair of creation and annihilation operators for Dirac
particles and it seems that the dual bulk model should be written in the form S[g,Ψ, ...] (here
g is the metric, ψ is doublet fermionic vector), but surprisingly it is always possible to build a
bosonic bulk sector for this fermionic boundary action. This may be probably connected by mean
of supersymmetry or any other hidden superalgebra. However, we are not going to deal with the
symmetric aspects of the model. The aim of this section is to explain how a simple finite sized
bosonic lattice can be dual to the non relativistic, non conformally symmetric model presented
in Eq.(1). Note that the Hamiltonian is written in the Fock space. If we suppose that the Fock
space describes a continuous spanned Fourier modes space, then we label to each operator cj with
a dual bulk bosonic field φ located at the position of a hypothetical lattice ~x. The aim is to build
enough invariant bulk model. Since we don’t have conformal symmetry in the original boundary
quantum theory, we will define the bulk as symmetrically as the Lorentz symmetry is preserved.
Consequently, the lattice location corresponding to the operator cj is ~x = (t, r) (c = 1). Note
that the bosonic field corresponding to the closest neighbor of the first is φ(~x−~a) for cj+1 and we
can define the conjugate field φ¯ for c†j . The basic equations for our proposed duality are given as
following:
6Table I: The table shows a possible duality between Kitaev theory as boundary and a type of doublet
scalar dilaton in AdS bulk background. The elements of the boundary action are presented as a
pair of fermionic operators while the bulk is a pair of doublet scalar fields, dilatonic fields. To
define dual operators we use a lattice scale a dual to an UV cutoff in boundary proportional to
EUV ∝ a−1.
Boundary Bulk
cj φ(~x)
cj+1 φ(~x+ ~a)
c†j φ(~x)
c†j+1 φ(~x+ ~a)
Note that the right-hand side quantities are defined in the bulk geometry, while the left-hand side
is defined in the Fock space. Now consider the vector ~a (the vector of lattice) having infinitesimal
number (magnitude) and corresponding to an ultraviolet (UV) cutoff of order a−1. If we use the
Taylor series in the vector form, i.e.,
φ(~x+ ~a) =
∞∑
n=0
(~a · ∇)nφ(~x)
n!
, (4)
keeping the terms up to the order O(a) we can rewrite the Kitaev Hamiltonian in a familiar form
assuming the limit of |a| → 0 and ∑ → ∫ dρ(~x), where dρ is a length measure in bulk theory.
Also, note that the total action must be a real valued function, i.e.φ = φ. Furthermore to make
dynamics of the background we use the minimal coupling of the scalar field, called dilaton to the
scalar curvature R:
S =
∫
d2x
√−g
( φR
2κ2
+ θφλµ∇µφ+ βφ2 − µ
2
)
+ Smatter, (5)
where κ2 = 8piG denotes the gravitational coupling, G is gravitational constant, and R is Ricci
scalar of the two-dimensional metric gµν . The covariant form for the connections are given by
∇µ = (∂t, ∂r), µ = {1, 2}, κ2 = 8piG. A pair of parameters for our toy model is,
θ =
∆ + ∆∗
2
− η, (6)
β = η +
µ
2
− ∆ + ∆
∗
2
. (7)
Here Smatter is a matter action and λ is a Lagrange multiplier. The other parameters like ∆, η are
defined in a similar manner as they were defined in the Kitaev model. The reason to introduce a
7dilaton is that the compactification of the Einstein-Hilbert action in two dimensional Riemannian
manifolds generates a non zero dilaton field. The equations of motion for (5) read
R
2κ2
+ 2βφ+ θλµ∇µφ = J, (8)
−∇µ∇νφ+ gµν∇α∇αφ− gµν
2
(
βφ2 − µ
2
)
+ θφλµ∇νφ = Tµν , (9)
where Tµν , J are the energy-momentum tensor and dilaton source given by
Tµν =
2κ2√−g
δSmatter
δgµν
, J = − 2κ
2
√−g
δSmatter
δφ
. (10)
We can eliminate λ using variation of the action (5). Then by the variation over λ, and because
the variation is given by δSδφ − ∇µ
(
δS
δ(∇µφ)
)
, we obtain the equation of motion for dilaton field φ
given in (8).
From dilatonic equation of motion (8), we observe that dilaton toy model which is presented
here has AdS2 vacua solution at φ = φc and Rc = −κ2
√
βµ
2 in the absence of any matter fields and
in the AdS2 geometry. These equations take the form
φ = φc, g = L
2(−r2dt2 + 2dtdr). (11)
Note that AdS radius is defined here as an effective radius. Then by solving Eq.(8) with respect
to L, one can find
L2 =
2
κ2
√
2
µ
.
We take Rc =
−2
L2
= −2 hereafter. We now work in the infalling Eddington-Finkelstein coordinate
with null coordinates. Using holographic renormalization scheme in the AdS2 throat, we can show
that [17]:
• It is not possible to make a dual quantum operator for dilaton field. This is because there is
no any type of one to one map between different copies of AdS and dual quantum theories.
• Because the boundary metric at r → ∞ becomes singular, we conclude that the boundary
energy-momentum tensor should be vanished to preserve conformal symmetry.
• The algebraic structure for the dual boundary quantum theory is a Virasoro symmetry. It
has been argued that the central charge for such invariant dual theory is zero [18].
The dual boundary quantum theory lives at a singular one-dimensional Lorentzian metric where
the null path is trivial given by t = 0 where t is time coordinate. There is an evidence here regarding
8inconsistency between two-dimensional version of AdS and finite energy excitations in the dual
quantum theory and a direct proof is to show that boundary stress tensor vanishes [19]. Note that
in our toy model this statement has been directly implemented because energy momentum tensor
for boundary is identically zero.
There is an alternative way to write a dilaton action (5) in a form of modified gravity. Here we
substitute the equation of motion (8) in (5). After simple algebraic manipulations, we obtain
S =
∫ √−gd2x
2κ2eff
(
− 2Λeff − βR2 + θλµR∇µR
)
+ Smatter, (12)
where we have define an effective Newton and cosmological constants (dual to chemical potential
µ) and these are given as follow:
Geff = G
√
2
(
∆ + ∆∗ − µ− 2η), (13)
Λeff = µ
(
8piG(2η + µ− (∆ + ∆∗))
)2
. (14)
This yields a new type of modified gravity in two dimensions proposed recently in cosmology [20]
and defines the model in the geometric frame for the action integral (12).
It will be interesting to study black hole solutions in this type of gravity as well as investigating
the possibility to have AdS black hole solutions, with R < 0. The EoM for (12) is written in the
following form:
θλµ∇µR− 2βR = 0, (15)
θλνR∇µR− gµν
(
2Λeff + βR
2
)
= κ2effTµν . (16)
with
Tµν =
2√−g
δSmatter
δgµν
. (17)
The existence of an AdS black hole is a crucial feature of gauge/gravity picture. Since in our model
we built a modified gravity action equivalent model, we can examine the constant Ricci scalar black
hole solutions using the set of the EoMs presented in Eqs.(15,16). Basically we suppose that there
should exist a constant dilaton field φ = φc which corresponds to a constant Ricci scalar black hole
R = Rc. In the absence of any matter fields (the matter field will be added for renormalization in
next sections), we obtain
2Λeff + βR
2
c = 0⇒ Rc =
√
−2Λeff
β
. (18)
9This is consistent with the one obtained in the dilaton representation of the action, i.e. Eq.(5).
Consequently we deduce that two frames give the same black hole solutions formally. A more
realistic equivalence should be considered when we consider holographic renormalization in next
section Sec.VI.
IV. SCALAR PERTURBATIONS
It will be very illustrative to find full spectrum of the dilation field with EoM (8) on the
background metric (11). In the absence of matter fields J = Tµν = 0, the trace of the Eq.(9)
simplifies to the following form,
∇µ∇µφ+ θφλµ∇µφ− βφ2 + µ
2
= 0. (19)
Note that here λ = (λ0, λ1). We suppose that φ(t, r) = φc + δφ(t, r) is an approximate solution.
Using linear perturbation theory, here we assume that φ(t, r) depend on both time coordinate t
and radial coordinates r. Substituting the expression of φ(t, r) = φc + δφ(t, r) into (8), we obtain
a differential equation for δφ(t, r),
r2δφ(t, r)′′ +
(
2r + φcθλ
1
)
δφ(t, r)′ + ∂t
(
2δφ(t, r)′ + φcθλ0δφ(t, r)
)
− 2φcβδφ(t, r) = 0. (20)
We can substitute a Fourier decomposed form for field perturbation into (20) such that
δφ(t, r) =
1√
2pi
∫ ∞
−∞
e−iωtδφ˜(ω, r)dω (21)
Note that we could use Fourier mode decomposition because the metric background Eq.(11) is
invariant under time boost t→ t+ c and it shows that the planar mode eigen-functions e−iωt still
remain an eigen-function for the translational symmetry operator ∂∂t . This is due to the gauge
invariant in two dimensions where the number of conformal copies is basically infinite. Note that
the normalization factor 1√
2pi
is chosen symmetrically. Hence one can use an unnormalized basis
function instead.
we can find the perturbation function. The general solution of (20) is an arbitrary linear
combination of the Bessel functions Jn, Jn, or equivalently, when n ≡ nˆ ∈ C is not an integer, of
Inˆ,Knˆ:
δφ˜(ω, r) =
eξ√
r
(
C(ω)Inˆ(ξ) +D(ω)Knˆ(ξ)
)
. (22)
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Here C(ω), D(ω) are Fourier spectral amplitudes, and
ξ =
λ1φc(∆− η)− 2 iω
2r
, (23)
nˆ =
1
2
√
1 + 4φcµ+ φc(4 iω λ0 − 8)(∆− η). (24)
The modified Bessel functions of imaginary order are defined as
Iν(x) = e
−iνpi/2Jν(xeipi/2), (25)
Kν =
pi
2
I−ν(x)− Iν(x)
sin(νpi)
, (26)
where Jν(x) is the Bessel function. The asymptotic theory of the Bessel functions of imaginary
order was developed in [25]. In our case at r →∞, we have
Iν(x) ≈ 1
(ν)!
(x
2
)ν
, x 1, (27)
I−ν(x) ≈ 1
(−ν)!
(x
2
)−ν
, x 1. (28)
Consequently we have,
Kν(x) ≈ − pi
2(−ν)! sin(νpi)
(x
2
)−ν
. (29)
Then the solution δφ˜(ω, r) has the following form:
δφ˜(ω, r) ≈ −D(ω)√
r
pi
2(−nˆ)! sin(nˆpi)
( Ω
4r
)−nˆ
, (30)
Ω = λ1φc(∆− η)− 2 iω. (31)
Using inverse Fourier transform, the above equation implies
δφ˜(t, r) ≈ r<nˆ(ω=0)−1/2 cos(=nˆ(ω = 0) ln r + ψ), (32)
where <,= are real and imaginary parts of nˆ(ω = 0) ∈ C, ψ ∈ R is a phase factor. Because Eq.(32)
is the first order approximated solution for perturbations we observe that if <nˆ(ω = 0) < 1/2, the
AdS2 is stable under scalar perturbations.
V. NEAR-ADS2 PERTURBATIONS
The AdS2 dilatonic theories are widely investigated in the context of the near horizon geometries
of extremal charged higher dimensional black objects [21] as well as reduced lower dimensional bulk
theories in reduction of higher order gravity theories beyond classical regimes [22]. For example
11
in Ref.[21], the author showed that the geometry of near horizon of a near-extreme Reissner-
Nordstrom (RN) black hole is near AdS2 × S2. The geometry for near AdS2 metric as a probe
dilaton bulk black hole is given as follows:
g
L2
= −r(r + 2k)dt2 + dr
2
r(r + 2k)
, r ∼ k  1, φ = L(r + k), (33)
In the approximated regime r ∼ kp  1, 0 < p < 1, the near AdS2 metric Eq.(33) reduces to
g
L2
= −r2dt2 + dr
2
r2
, φ = Lr = φb. (34)
Note that both metrics (33,34) solves EoMs presented in Eqs.(8,9). Regarding both metrics, we
stress here that both of them are locally diffeomorphic. The main difference of them is the patches
in which they cover on a Penrose diagram [22]. To investigate tensor perturbations, it is adequate
to rewrite AdS2 metric (34) in the following form in conformal gauge and using the lightcone
coordinates x± = t± 1r being transformed to the following form
g
L2
= e2ωb
(
− dx+dx−
)
, ωb = ln r, φ = φb. (35)
where b refers to the background. The perturbations for the metric and the dilaton Eqs.(35) are
considered as
ω = ωb + δω(x
+, x−), φ = φb + δφ(x+, x−). (36)
Applying this to the EoMs given in Eqs.(8,9) we get
∂+∂−δφ(x+, x−) +
2δφ(x+, x−)
(x+ − x−)2 = 0, (37)
∂+∂−δω(x+, x−) +
1
(x+ − x−)2 (2δω(x
+, x−)− aδφ(x+, x−)) = 0, (38)
where a is a constant. In the case of a = 0, we can simply solve Eqs.(37) and (38) to obtain
δφ(x+, x−) =
c1
x+ − x− , δω(x
+, x−) = c2(x+ − x−)2, (39)
where c1 and c2 are integration constants. In term of the original coordinates (t, r), we have
δφ(x+, x−) =
c1
x+ − x− =
c1r
2
, δω(x+, x−) = c2(x+ − x−)2 = 4c2
r2
. (40)
Since
∂+ = ∂t
∂t
∂x+
+ ∂r
∂r
∂x+
= ∂t − r2∂r, (41)
∂− = ∂t
∂t
∂x−
+ ∂r
∂r
∂x−
= ∂t + r
2∂r, (42)
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we find
∂+∂− = ∂tt − r2∂r
(
r2∂r
)
. (43)
Using the separation method of δφ(r, t) = R(r)T (t), therefore, Eq.(37) becomes
1
T (t)
d2T (t)
dt2
=
r2
R(r)
d
dr
(
r2
dR(r)
dr
)
− r
2
2
= cont. = −k2. (44)
Hence the solutions of T (t) and R(r) read
T (t) = T0 sin(kt+ θ0), R(r) =
√
k
2r
(
c2BesselJ(−
√
3
2
,
k
r
) + c3BesselJ(
√
3
2
,
k
r
)
)
, (45)
with T0, θ0, c2 and c3 being constants. Therefore the general solutions take the form
δφ(r, t) = T0
√
k
2r
sin(kt+ θ0)
(
c2BesselJ(−
√
3
2
,
k
r
) + c3BesselJ(
√
3
2
,
k
r
)
)
. (46)
From the last expression we learn that dilaton AdS bulk action perturbations have asymptotically
flat demolishing property where at r →∞,
lim
r→∞ |δφ(r, t)| = 0. (47)
Furthermore at large but finite values of r,
|δφ(r, t)| 6 T0
rn
, n > 1, (48)
consequently dilaton perturbation looks like just a charged U(1) field in flat spacetime.
In the same manner, we can quantify the solution of Eq.(38) using the same method. Supposing
that δω(r, t) = S(r)Q(t), we have
1
Q(t)
d2Q(t)
dt2
=
r2
S(r)
d
dr
(
r2
dS(r)
dr
)
− r
2
2
+
ac1r
3
8
= cont. = c¯ (49)
In case of c¯ = 0, we find for Eq.(49) that
Q(t) = c3, S(r) =
2
√
2√
a
√
c1
√
r
[
c4BesselJ
[√
3,
√
arc1√
2
]
+ c5BesselJ
[
−
√
3,
√
arc1√
2
]]
, (50)
with c3, c4 and c5 being constants. Hence the general solutions read
δω(r, t) =
c32
√
2√
ac1r
[
c4BesselJ
[√
3,
√
arc1√
2
]
+ c5BesselJ
[
−
√
3,
√
arc1√
2
]]
, (51)
Notice that in this particular case the solution is time-independent. At the AdS boundary , when
r →∞, we clearly observe that
lim
r→∞ |δω(r, t)| = 0. (52)
The metric of the AdS dilaton under perturbations ”freezes”. Under perturbations the shape of
the AdS throat doesn’t change.
13
VI. HOLOGRAPHIC RENORMALIZATION
Let us discuss now the conformal symmetry of dual model. Our results are very much inspired
by the methods developed recently in [23] as an attempt to find a simple dilaton toy model for
Sachdev-Ye-Kitaev (SYK) model [11]. The SYK models are nicely proposed as an integrable
class of the quantum mechanical systems, where the interaction term is considered as a random
parameter and very recently it has been suggested to have a gravity dual in two dimensional AdS2
backgrounds. In two dimensions the number of conformal symmetry generators are infinity and
consequently the corresponding Hilbert space is infinite dimensional space. The reason is that in
the special case of dim = 2, the conformal Killing equation is reduced to the Cauchy-Riemann
equations. Thus in lower dimensional quantum systems, all holomorphic functions are solutions
for killing equation and they generate conformal coordinate transformations. It is obviously shown
that in this case we have an infinite number of generators and we can find an infinite number of
associated conserved charges in quantum theory.
Because of this gauge freedom, we are free to take any type of time parametrization in the
form of a conformal map like t → w, t = t(w). Such different parametrization changes metric
under a certain class of conformal transformations and are characterized by a Weyl rescaling of
the metric in the form hµν → e2Ωhµν . Such transformation is an isometric map and consequently
it preserves the length between two points in the space time manifold. In gauge/gravity duality
picture, conformal symmetry corresponds to diffeomorphisms and it fixes the boundary metric. It
is easy to show that under a general conformal transformation t → t(w), and the AdS2 vacuum
(11) transforms to the following form:
φ = φc, g = −(r2 + 2Sch(w))dw2 + 2dwdr. (53)
Here Sch(w) = t
′′′(w)
t′(w) − 32
( t′′(w)
t′(w)
)2
is the Schwarzian derivative [23].
Let us study a holographic renormalization group (RG) flow which brings to an end in an AdS2
throat. First we turn-off matter fields Tµν = J = 0, and we attempt to connect smoothly the AdS2
metric (11) near-horizon metric (53) to an RG flow at enough large r [23]. First of all we need
to write Einstein equations given in (9) for metric (53). If we linearize Einstein equations in a
perturbative scheme, it is straightforward to show that the system of EOMs for φ and metric have
the following solutions:
φ ≈ φc + l(rf1(w) + f2(w)) +O((lr)2), (54)
g = −(r2 + 2Sch(w))dw2 + 2dwdr +O((lr)2), (55)
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where fi(w) are considered to be time perturbations and the series expansions are valid till only
when lr  1 and l is an IR cutoff. By solving r − r, r − w components of Einstein equation
(9), we can find that f1(w) = 1, f2(w) = 0. The enough and sufficient condition to satisfy both
Einstein and scalar field equations is that the Schwarzian function Sc(w) must satisfy the following
differential equation, called as continuity equation,
l
d lnSch(w)
dw
≈ (∆ + ∆
∗ − 2η)(2 +√µ)
2
√
µ
. (56)
Because we need the RG flow to bring to an end in an AdS2 black hole, we need to have vanishing
terms in the right hand side of Eq.(56). It gives us the following constructive relation between
Kitaev parameters:
η =
∆ + ∆∗
2
. (57)
Note that here we can also interpret (56) as an extended version of Eq.(20) in Ref.[23], when we
realized model by the same quantum parameters. We can rewrite (56) in the following form:
l
dSch(w)
dw
= −Tww, (58)
where Tww ≡ − (∆+∆
∗−2η)(2+√µ)
2
√
µ Sch(w). We can convert Eq.(58) into an equation in the boundary
quantum mechanics. Using holographic renormalization in order O(l) we find that the boundary
energy is defined as follows:
E = − l
κ2
(
lnSch(w)− θκ
2(2 +
√
µ)√
µ
w
)
. (59)
As a result we can write an effective action for dilaton gravity dual to Kitaev model, which is valid
only in the vicinity of the AdS throat
Seff ≈WCQM [β; t(w)]− lw
2
κ2
(
w−1 lnSch(w)− (∆ + ∆
∗ − 2η)(2 +√µ)
4
√
µ
− κ
2(2 +
√
µ)θ√
µ
)
. (60)
Actually here WCQM is the generating functional. The above expression defines an effective quan-
tum action for our Kitaev theory.
VII. RYU-TAKAYANAGI HOLOGRAPHIC ENTANGLEMENT ENTROPY IN THE
KITAEV MODEL
An entanglement entropy (EE) for Kitaev model is derived in Ref.[24] It is illustrative to examine
our bulk toy model to find EE using holographic principle. We analyze the HEE for the toy model
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of Kitaev model presented in Eq.(5). We thus analyze the HEE Eq.(84) of a two-dimensional AdS
black hole Eq.(55) and relate it to the EE of a boundary quantum theory theory. Because the metric
form given in Eq.(55) is time dependent, we need to analyze the time dependent geometries using
the concept of time dependent HEE. One can generalize the above conjecture for the HEE to time-
dependent AdS bulk geometries [26]. Very recently HEE and phase transition of a 2-dimensional
holographic superconductor have been investigated in Ref. [27] and furthermore we developed a
systematic way to calculate HEE and fidelity susceptibility in time dependent backgrounds using
AdS/CFT [28].
Let us start finding minimal surface for metric Eq.(55). This bulk geometry is the Vaidya
spacetime
lim
u→0
ds2 =
1
u2
(− F (w, u)dw2 − 2dwdu)+O(u2) (61)
where F (w, u) = 1 + 2u2Sch(w) is a function of the ingoing Eddington-Finkelstein time coordinate
w, and u is introduced as Poincare´ coordinate. Note that when u = 0, we obtain the AdS boundary.
Although it is not possible to define a physical temperature for a time-dependent backgrounds
because there is no time Killing vector it has been proved that the time- dependence backgrounds
can be analyzed as a perturbation of static AdS geometry, and we will use it for computing the
time-dependence HEE for our toy model. We will suppose that the entangled region is defined as
a strip geometry such that its width is 2l in the u direction. Now because of the symmetries of
the surface, w = w(u) is only a function of u, and the surface γAw will be characterized by the
embedding
γAw = {w = w(u)}. (62)
We observe that the possible extremal surface will be extended smoothly into the bulk, where the
center of the strip is located at u = 0 and it satisfies the following relation on the boundary
w(u = 0) = w∗, w′(u = 0) = 0. (63)
The turning point of the strip is located at u = 0. At the boundary u = 0, the physical time is
T = w + u and at u = l, we need to impose an auxiliary UV boundary conditions (BCs),
w(u = l) = T − . (64)
Here we inserted a cut-off  to deal with the UV divergence at the AdS boundary. We can express
the area of the minimal surface γAw as
Area(γA) =
∫ l
−l
du
√
−(1 + 2u2Sch(w) + 2w′(u))
u
. (65)
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We also fix the strip size to be 1
2l =
∫ w∗

dw
w′(u(w))
. (66)
Using the Euler-Lagrange (EL) equation imposed on Eq. (65) we obtain,
d
du
[ 1
uQ
]
=
∂
∂w
[uSch′(w)
Q
]
, (67)
Q =
√
−(1 + 2u2Sch(w) + 2w′(u)). (68)
Using Eq.(56) we deduce that
d
du
[ 1
uQ
]
=
(∆ + ∆∗ − 2η)(2 +√µ)
2l
√
µ
∂
∂w
[ u
Q
]
. (69)
Note that ∂∂w (Q) = −u
2Sch′(w)
Q . Consequently we obtain the ultimate form of EL Eq. as,
w′′ + 4γuw′ + 8Sch(w) +
4
u2
+ 4γ2
u3
Q2
= 0. (70)
where γ =
(∆+∆∗−2η)(2+√µ)
2l
√
µ is a chaos parameter. This differential equation models hybrids chaotic
system with both continuous and discrete dynamics. Three different phases exist [24]: MZM phase
(0 < µη < 2), trivial phase (2 <
µ
η < 3), and a MPM phase (3 <
µ
η < 4). This chaotic differential
equation for minimal surfaces explains the possible reason to have chaos in AdS2, in a different
terminology in comparison to the Ref.[23] and we will investigate it in details for this work.
By the way we focus only on the case of constant Schwarzian obtained using a conformal map
t(w) : w → tanh(piwT ), where Sch(w) = −2pi2T 2[23]. We solve Eq.(70) when γ = 0 to obtain
w0(u) = w
∗ + 8pi2T 2u2 + 4(ln
u

− u

), → 0. (71)
Note that the solution is subjected to BCs, (63). Using perturbation theory the first approximated
solution for Eq.(70) is given by:
w(u) = w0(u) + γw1(u). (72)
A straight forward calculation shows that
w1(u) = −(16
3
pi2T 2)u4 + (
8
3
)u3 − 8u2 + w∗ (73)
Note that the BCs are imposed also on the first perturbated solution as well as zeroth order function
to fulfills all requirements.
1 Note that the condition 1 + 2u2Sch(w) + 2w′(u) < (=)0 for non uniform Sc(w) leads to a nonlinear extension of
Bernoulli Equation for w(u).
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Using this solution, the area defined in Eq. (65) can be now expressed as,
Area(γA) =
∫ +l
−l
du
Q0
u
+ γ
∫ +l
−l
du
u
∂Q
∂w′
|w′=w′0 , (74)
where
Q0 =
√
−(1− 4pi2T 2u2 + 2w′0(u)), (75)
∂Q
∂w′
= −w
′
Q
|w′=w′0 = −
w′0
Q0
. (76)
It is interesting to be noted that usually there is (are) UV divergence term(s) in HEE, and so
we need to use a regularization method to improve these divergence terms. Thus, for a deformed
geometry, we define the area as,
A(γA) = AD(γA)−AAdS(γA), (77)
where AD(γA) is the defined in deformed geometry (for example the geometry of an AdS black
hole with w(u)), and AAdS(γA) is defined in the background AdS spacetime where w(u) = w0(u).
Thus, we define the HEE for a deformed geometry by subtracting the term coming from the
unperturbated AdS throat. This only leaves a finite part. We used this finite part in our former
papers Refs. [29],[30], and call it the HEE. In our case (74), the first integral is the divergent part
and consequently we define the holographic form of SEE as the following integral:
SHEE = − γ
2piTG
∫ +l
−l
4pi2T 2u2 + 1√
u3(u− u1)(u− u2)(u− u3)
du. (78)
which is an elliptic integral for l→∞ and u1, u2, u3 are roots of the following cubic equation
4pi2T 2u3 − 32pi2T 2u2 − u− 8 = 0. (79)
These roots are presented as following:
u1 =
δ
6piT 2
− −1024pi
4T 4 − 12pi2T 2
24pi3δT 2
+
8
3
, (80)
u2 = −
(
1− i√3) δ
12piT 2
+
(
1 + i
√
3
) (−1024pi4T 4 − 12pi2T 2)
48pi3δT 2
+
8
3
, (81)
u3 = −
(
1 + i
√
3
)
δ
12piT 2
+
(
1− i√3) (−1024pi4T 4 − 12pi2T 2)
48pi3δT 2
+
8
3
, (82)
δ =
3
√
4096pi3T 6 + 288piT 4 + 3
√
3
√
65536pi4T 10 + 2816pi2T 8 − T 6. (83)
Equation (79) shows that only the u1 ∈ R is analytic. It can be shown that u2, u3 ∈ C. If we fix
the entangled length as l > 0, we can integrate and write down final expression for HEE,
SHEE = − γ
piTG
[
E1 E2
(
E3 + E4 + E5
)√
u(u1 − u3)
u3(u1 − u) + u1
]u=l
u=−l
, (84)
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where
E1 = u(u− u2)(u3 − u)
u1u2
√
u3(−(u1 − u))(u− u2)(u− u3)
,
E2 = 1
(u2 − u3)
√
− (u1−u2)(u1−u3)(u2−u)(u3−u)
(u1−u)2(u2−u3)2
,
E3 = u2
(
au21 + 1
)
F
(
sin−1
(√
(u1 − u2)(u3 − u)
(u3 − u2)(u1 − u)
)
|u2(u3 − u2)
(u1 − u2)u3
)
,
E4 = au1u2(u3 − u1)Π
(
u3 − u2
u1 − u2 ; sin
−1
(√
(u1 − u2)(u3 − u)
(u3 − u2)(u1 − u)
)
|u1(u3 − u2)
(u1 − u2)u3
)
,
E5 = (u1 − u2)E
(
sin−1
(√
(u1 − u2)(u3 − u)
(u3 − u2)(u1 − u)
)
|u1(u3 − u2)
(u1 − u2)u3
)
,
where F, Π, E are Jacobi’s elliptic functions. We numerically found that the exact results for the
EE in the Kitaev model as a function for |∆, η| < 3 respectively presents a peak at µ = 2η around
the critical point of the Kitaev model. Note that the location of the parameter where the EE is
maximum is different for different parameters.
We further study the variation of the regularized HEE in the dual model Eq. (84). The analysis
showed that the peak value of the HEE |SHEE | for different T is in the form of the parabolic
function being, bT 2. Thus the critical HEE of the dual model to Kitaev, is SHEE ≈ T 2, which is
close to the exact result (84) for µ = 2η which agrees with the exact result of the correlation EE
of the Kitaev model [24].
VIII. FOLD BIFURCATION MINIMAL ADS2 SURFACES
It has been shown that in the generalized Kitaev model, called Sachdev-Ye-Kitaev (SYK) [11],
the hydrodynamic universally describes large N systems with an emergent conformal invariance,
and consequently any such system will be maximally chaotic [23]. As we know, the chaotic structure
in phase space are classified as follows:
• Limit cycles which are the ellipse-like paths with frequencies greater than the natural fre-
quency of the system.
• Strange attractors: Those are highly sensitive to initial conditions.
• Casual attractors: The late time behavior of the dynamical system remains independent
from the initial conditions which are imposed
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• Chaotic paths: where we observe rapidly fluctuations in the phase portrait
In this section, we show that the chaotic behavior can be generated because of chaotic structure
of the entanglement surfaces given in Eq.(70) near criticality µ = 2η. Let us investigate the
entangled surfaces equation of motion, when we consider γ as a critical chaotic parameter, note
that we can safely ignore the w′′ if we consider the temperature enough high, consequently the
equation becomes,
γuw′ + u−2 − u
3γ2
1− 8u2pi2T 2 + 2w′ = 4pi
2T 2 (85)
This eq. can by inverted to find w′,
w′ =
A1/2 + 8γpi2u5 − γu3 + 8pi2u2T 2 − 2
4γu3
, (86)
where we have defined,
A = 64γ2pi4u10 + (8γ3 − 16γ2pi2)u8 − 128T 2γpi4u7 + γ2u6 (87)
+(16T 2 + 32)γpi2u5 + 64T 4pi4u4 − 4γu3 − 32T 2pi2u2 + 4,
where we have opted the positive root of w′. We numerically plot the vector field using dfield
open source code for different values of γ and for T−1 = 2pi, γ = 1. We run the code using a sample
of (umin, umax), (wmin, wmax), for initial condition w(u = 0) = w
∗.
Figure 1: Vector field description and the numerical solution for entangled surface w(u) in the first
approximation regime. Note that the horizontal axis t is equal to u and the vertical axis x is w(u).
The coordinate u plays the role of the time in the dynamical system given in Eq.(86).
20
In Fig.(1), the green vectors show the direction of the gradient w′(u) at each point while the
blue curves show the numerical solution for the entangled surface. The qualitative form of the
entangled surface dramatically changed by considering different values of the control parameter
γ. There is a fold bifurcation. Furthermore , we note that there are three class of the entangled
surfaces. For enough long time interval, there is an asymptotically convergence solution, the one on
the bottom, which is converged to the fixed point w∗. Note that the middle class of the entangled
surfaces are also convergent to the same fixed point family. The upper branch of the entangled
surfaces are monotonically divergent and it indicate that the other branch never tends to any fixed
point. Briefly we summarize that the entangled surface undergoes a fold bifurcation form, from
one fixed point to no fixed point. This qualitative analysis shows that the origin of the proposed
chaotic behavior could be related to the fold bifurcated minimal surfaces in the AdS2.
Let us to consider bifurcation idea hidden behind the dynamical system Eq.(85), where the
entangled surface subjected a non linear highly sensitive to the control parameter γ. We use the
techniques developed in Ref.[31]. The fixed points of Eq.(85) are found to be the roots of the
equation w′ = 0, or f(uc, γ) = 0, where
(u−2c − 4pi2T 2)(1− 8u2cpi2T 2) = u3cγ2. (88)
We plot the equilibrium manifold f(uc, γ) = 0, uc = uc(γ, T ), for T
−1 = 2pi, pi, pi/2, 3pi/4, pi/4.
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Figure 2: The plots show the fixed point uc given in (88) versus the control parameter γ for various
T−1 = 2pi, pi, pi/2, 3pi/4, pi/4. Notice that we observe bifurcations in our model.
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It clearly shows the fold bifurcation behaviors for varying values of γ. We illustrate the emer-
gence of the fold bifurcation in the entangled surface parametrized as w(u). Although we plotted
the fixed point uc versus control parameter γ in different ranges of temperature, we clearly observe
a uniform pattern. Note that for γ = 0, there is no any fixed point. It means that the long term
behavior of the entangled surface (here u → 1) does not approach any asymptotic value. When
γ → 0 still the system does not have any fixed point. When eventually the control parameter
γ → 0±, for each value of γ we have a unique uc, the system enjoys a reflection symmetry γ → −γ
and uc is an even function of γ i.e. uc(γ) = uc(−γc). As we have learned in the advanced dynamical
systems language, the system undergoes a 0→ 1 using the bifurcation diagram for unstable saddle
node bifurcation uc. This instability in the fixed points causes an unstable entangled surface w(u).
IX. SUMMARY
In conclusion, we have studied the possible Kitaev/AdS2 duality between AdS2 modified dila-
tonic action and Kitaev quantum wire, as a one dimensional lattice model for a superconductor.
From the Kitaev/AdS2 duality, we showed that the bulk toy model displays the same quantum
phase transition on the critical points. Also, we used the holographic renormalization technique
to study the effective quantum action. We wrote an effective action for dilaton gravity dual to
Kitaev model, which is valid only in the vicinity of the AdS2 throat. Moreover, we showed that
the phase transition of the entanglement entropy can be related to the holographic entanglement
entropy. Our approach directly showed that both the AdS2 and the quantum model can be used
to characterize the possible quantum phase transition in Kitaev model.
In a study of the hydrodynamical properties of the generalized Kitaev model, called Sachdev-
Ye-Kitaev (SYK) [11], it was found that the dual is maximally chaotic. This is in contrast to what
we found here using minimal entanglement surfaces, where only the chaotic modes of the minimal
surfaces survive during the time-evolution in Poincare’ portrait. The difference is due to the fact
that SYK quantum mechanical models are with random all-to-all interactions. We showed that
the chaotic behavior appeared because of the chaotic structure of the entanglement surfaces near
the Kitaev criticality µ = 2η. Our deduction are based on the bifurcation diagrams plotted for the
entangled surface in the linear approximation when we ignored the second order derivative term
w′′. A thorough check showed that the entangled surface shape is very sensitive to the control
parameter γ which is defined in terms of the Kitaev parameters.
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